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Abstract
Considering a very large number of extra dimensions, N →∞, we show that in the effective four
dimensional picture, to leading order in N , both the cosmological constant in N + 4 dimensions
and the curvature of the extra dimensions (curved as spheres) give the same type of contributions.
Furthermore in this limit, the extra dimensional curvature naturally supress the effect of a positive
Cosmological Constant, so that the resulting effective potential governing the vacuum energy in
the effective 4−D picture has a leading 1/N dependence (i.e. vanishing in the large N limit). We
can understand qualitatively this effect in a heuristic picture, by thinking that all dimensions, both
visible and extra have an equal sharing of the curvature caused by Λ, in this case when increasing
the overall number of dimensions by adding N extra dimensions, then if N is large, the visible
dimensions do not have to curve too much, hence a small four dimensional vacuum energy follows.
In the large N picture the potential can be also stabilized by a small (i.e. vanishing at large N)
expectaction value of a four index field strength.
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I. INTRODUCTION
Many interesting ideas for approaching the unification of fundamental forces involve con-
sidering extra dimensions[1]. The consideration of extra dimensions also affects our under-
standing of the cosmological constant problem, for example recently Canfora, Giacomini and
Zerwekh [2] have considered the limit of large extra dimensions in General Relativity with a
cosmological constant in 4+N dimensions, N dimensions being compactified into a sphere.
These solutions display the interesting property that the ratio of the four dimensional cos-
mological constant to the 4 +N cosmological constant goes to zero as N →∞.
Those solutions obtained in [2] and constructed just from pure gravity plus cosmological
constant are unstable however as we will see. Nevertheless, we show here that the N →∞
can be exploited in any case to explore the question of the smallness of the four dimensional
cosmological constant. In fact, we will show that in the effective four dimensional picture, to
leading order in N , both the cosmological constant in N + 4 dimensions and the curvature
of the extra dimensions give the same type of contributions, therefore in this limit extra
dimensional curvature can naturally suppress the effective 4 − D Cosmological Constant.
Furthermore in the large N picture the instability can be cured and true ground states with
a small vacuum energy can be obtained by enlarging the theory so as to include matter
fields, like four index field strengths, then the potential can be also stabilized by a small (i.e.
vanishing at large N) expectaction value of a four index field strength.
II. EFFECTIVE FOUR DIMENSIONAL PICTURE OF EINSTEIN GRAVITY
PLUS N + 4 COSMOLOGICAL CONSTANT
The dynamics of the system is then assumed to be defined by the very simple action
S =
∫
1
16πG
(R− 2Λ)
√
−gd4+Nx (1)
where g = det(gAB). A,B = 0, 1, 2, ....., N + 3. we now consider the case where the extra
dimensions are compactified, but the size of the extra dimension can depend locally on the
four dimensional location xµ, µ, ν = 0, 1, 2, 3, so we consider the metric
ds2 = gµν(x
µ)dxµdxν + a2(xµ)
dyjdyj
(1 + 1
4
ky2)2
(2)
2
j = 4, ....N + 3 and y2 = yjyj. The extra dimensions are compactified on a sphere (k > 0)
and the 4D part of the metric gµν(x
µ) being yj independent.
Setting units where 8πG = 1, we observe that the equations of motion can be put
in the form of the four dimensional general relativistic form with ”matter”, if we define,
following for example [3], where additional matter fields (four index field strengths) will not
be considered at first (but in the following section they will be shown to play a role in the
stabilization of the compactified solutions).
g¯µν = a
Ngµν (3)
then we get
R¯µν −
1
2
g¯µνR¯ = −Tµν (4)
Tµν being the energy momentum tensor of a 4D scalar field
φ =
√
1
2
N(N + 2)lna (5)
subject to the very special potential
V (φ) = −1
2
kN(N − 1)exp(−2
√
N + 2
2N
φ) + Λexp(−
√
2N
2 +N
φ) (6)
Notice now that the limit N →∞ is very special, indeed, in this limit 2
√
N+2
2N
=
√
2N
2+N
=
√
2. So to leading order the two terms in eq. (6) become both proportional to exp(−
√
2φ). In
principle, the effect of a very large cosmological constant Λ can be cancelled by appropriately
curving the extra dimensions. The cancellation, for the choice Λ = 1
2
kN(N − 1) is exact
only in the limit N → ∞ . For N large but finite, the condition Λ = 1
2
kN(N − 1) can
be achieved by a shift of the scalar field φ, then for N large but finite, subleading terms
survive, but this is typical of a ”renormalization” procedure: a counterterm is not expected
to cancell a complete contribution (here of the cosmological constant), but only a leading
part of it, we will now see how this works in details.
For finite N and for k > 0 and Λ > 0, thre is always a value of the scalar field φ such that
the k and Λ contributions exactly cancel each other, for convenience, we want to consider
this point as our origin. To do this let us consider now for finite N a shift the field φ by a
constant,
φ→ φ+∆ (7)
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in this case Λ and k transform as
Λ→ Λexp(−
√
2N
2 +N
∆) (8)
and
k → kexp(−2
√
N + 2
2N
∆) (9)
Then for finite N the condition Λ = 1
2
kN(N − 1) can implemented for an appropriate
choice of ∆, which for the case of large (but finite) N is given by ∆ = N
2
√
2
ln(kN(N−1)
2Λ
)
this just means that we take conventionally the zero of the potential at φ = 0. To see this,
notice that Λ = 1
2
kN(N − 1) means that V is now given by
V (φ) = Λ
[
exp(−
√
2N
2 +N
φ)− exp(−2
√
N + 2
2N
φ)
]
(10)
which can be expanded to first order in 1/N giving
Vsl(φ) = Λexp(−
√
2φ)
2
√
2φ
N
(11)
which displays explicitly a 1/N supression and the choice V (0) = 0, but notice φ = 0 is not
a minimum, but very close to being flat (if N is very, very large). The above potential does
not have any true ground state, just a maximum, no stable compactified state therefore.
We discuss now the issue of stabilization and the possibility of obtaining a true ground
state with small vacuum energy density, for this we cannot consider just pure gravity with
a cosmological constant, at least at the classical level, there is the need to introduce extra
matter fields.
III. STABILIZATION OF THE POTENTIAL BY ADDING A FOUR INDEX
FIELD STRENGTH
The stabilization of the potential can be achieved for example by adding a four index
field strength defined from a 3 index potential FBCDE = ∂[BACDE]. These terms are present
for example in supergravity theories [4], although there no bare cosmological constant can
be considered and it is specific to eleven dimensions while here we take a large number of
dimensions. This is added to the action, giving now a total action of the form
S =
∫ [ 1
16πG
(R− 2Λ)− 1
48
FBCDEF
BCDE
]√
−gd4+Nx (12)
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The equation of motion for FBCDE is
∂B(
√
−gFBCDE) = 0 (13)
there is a solution taking an expectation value in the visible four dimensional space (indices
µ, ν, α, β below taking values 0, 1, 2, 3 only),
Fµναβ = Ω(x
µ)ǫµναβ (14)
ǫµναβ being the Levi-Civita tensor in 4−D, then Ω(xµ) in (14) is given by
Ω(xµ) =
λ
√−g(4)
3aN
(15)
this is similar to the Freund Rubin solution [5], except that here we consider an explicit cos-
mological constant in higher dimensions. Here g(4) is the determinant of the four dimensional
part of the metric, this then modifies the potential V , so we have to add a λ dependent part
to obtain, for the potential of φ, defined before (once again using units where 8πG = 1),
and again working in the Einstein frame, we obtain [3]
V (φ) = −1
2
kN(N−1)exp(−2
√
N + 2
2N
φ)+Λexp(−
√
2N
2 +N
φ)+λ2exp(−3
√
2N
2 +N
φ) (16)
proceeding with the choice Λ = 1
2
kN(N − 1) and once again going to the N →∞ limit and
keeping the leading term in the 1/N expansion, we obtain the potential,
V (φ) = λ2exp(−3
√
2φ) + Λexp(−
√
2φ)
2
√
2φ
N
(17)
the new λ2 term can be used to stabilize the potential, for example, we can achieve a
minimum at φ = 0, by requiring the absence of linear terms in φ, when Taylor expanding
(17) near φ = 0, this requirement gives
λ2 =
2Λ
3N
(18)
and for this choice, the next term in the Taylor expansion, that is the quadratic contributions
in φ for V , add up to give the positive (therefore indicating stability) contribution 2Λφ
2
N
> 0
if Λ > 0. Finally, for this example, the value of V at the minimum is now V = λ2 = 2Λ
3N
> 0,
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if Λ > 0, giving rise therefore to a small (for N large) positive vacuum energy density in the
effective four dimensional picture.
Choices that differ slightly from (18) will shift slightly the location of the minimum and
the value of the vacuum energy density at that minimum.
IV. CONCLUSIONS
We have seen that for large number of extra dimensions, the effect of the curvature and
the effects of the higher dimensional cosmological constant become degenerate, the extra
dimensional curvature can act in this limit as an effective counterterm for the cosmological
constant term. A Planck scale Cosmological constant could be then reduced by appropriately
curving the extra dimensions in this limit, may be a new way to look at the cosmological
constant problem.
Notice that here even before we concern ourselves with the value of the potential at its
extremum, we notice that the 1/N supression is shown here to be valid for the functional
form of the potential, not just for the potential at some special point. However playing with
just curvature of extra imensions and a cosmological constant in higher dimensions does not
lead to a stable ground state. The ”ground state” in [2], is not stable, since it represents
the maximum of the potential, but the 1/N suppression claimed in [2] is a genuine effect,
not because of the value of the vacuum energy at this particular extremum, but because the
potential is suppressed everywhere in this limit.
We can understand qualitatively the effect explained above in a heuristic picture, by
thinking that all dimensions, both visible and extra have an equal sharing of the curvature
caused by Λ, in this case when increasing the overall number of dimensions by adding N
extra dimensions, then if N is large, the visible dimensions do not have to curve too much,
hence a small four dimensional vacuum energy follows.
As we have seen, the stabilization of the potential can be achieved for example by adding
a four index field strength taking an expectation values in the visible four dimensional space,
as in [3] and if the other terms are small, as in the explicit example shown here in the 1/N
limit, the effective cosmological constant at the minimum can be small with the help of a
small additional term, since, as we show explicitly, this results from the interplay of (11),
which is small because of the 1/N dependence and an additional small λ2 term that we add.
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One can now claim that such a procedure to obtain a small vacuum energy does not
involve fine tuning. Indeed, the large cosmological constant and the curvature term almost
totally cancel out against each other in the large N limit near φ = 0, it is only the residual
term that needs to be taken care and stabilized with a small vacuum expectation value of a
four index field strength.
In this way degrees of freedom, additional to four dimensional gravity, can be responsible
for resolving the cosmological constant problem. The effective vacuum energy is reduced by
curving the extra dimensions. The higher number of extra dimensions, the more accurate is
the cancellation between extra dimensional curvature and the original cosmological constant
term (if positive) and appears exact in the limit N → ∞. For large but finite N a small
leftover instability can be taken care by a small vacuum expectation value of a four index
field strength.
This kind of generaliation of four dimensional Einstein gravity in order to confront the
cosmological constant problem shares some similar features with for example the ”Two
Measures Theory” [6] , where in four dimensions an additional measure of integration Φ
independent of the metric in addition to
√−g, so the action used is
S =
∫
L1Φd
4x+
∫
L2
√
−gd4x (19)
then the way that the Two Measures Theory generically resolves the cosmological constant
problem is through the dynamical dominance of the measure Φ (as a consequence of the
equations of motion) over the regular measure
√−g near the ground state which as a result
gets a zero cosmological constant. Notice the resemblance with the N large limit, which is
indeed also like enhancing a measure of integration (since in the large number of dimensions
limit, we integrate over an infinite dimensional space).
Acknowledgments
I want to thank F. Canfora, A. Giacomini and A. R. Zerwekh for very interesting dis-
cussions and for informing me about the interesting possibility of considering Kaluza Klein
Theories with large number of compact dimensions in the context of the cosmological con-
stant problem and to Aharon Davidson for insights on the 4−D Einstein frame picture for
7
studying the Kaluza Klein theories which is key to the present analysis .
[1] For a review see Modern Kaluza-Klein Theories, T. Appelquist, (Ed.), A. Chodos, (Ed.), (Yale
U.) , P.G.O. Freund, (Ed.), (Chicago U., EFI) . 1987. READING, USA: ADDISON-WESLEY
(1987) 619 P. (FRONTIERS IN PHYSICS, 65).
[2] F. Canfora , A. Giacomini and A. R. Zerwekh, Phys. Rev. D80, 084039 (2009), arXiv:0908.2077
[gr-qc].
[3] A. Davidson and E. Guendelman, Phys. Rev. D34, 1986 (3264); Nucl. Phys. B313, 1989 (693).
[4] E. Cremmer, B. Julia, and J. Scherk, Phys. Lett. 76B, 1978 (409).
[5] P. G. O. Freund and M. A. Rubin, Phys. Lett. 97B, 1980 (233).
[6] E. Guendelman and A.Kaganovich, Phys. Rev. D60, 065004 (1999), e-Print: gr-qc/9905029,
E.I. Guendelman, Mod. Phys. Lett. A14, 1999 (1043). e-Print: gr-qc/9901017. For a more
general review see Physical Consequences of a Theory with Dynamical Volume Element. E.I.
Guendelman, A.B. Kaganovich, Plenary talk at Workshop on Geometry, Topology, QFT and
Cosmology, Paris, France, 28-30 May 2008. e-Print: arXiv:0811.0793 [gr-qc]
8
